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Abstract 

This work is concerned with (A^-component) hyperbohc system of balance laws in 
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an elementary fact that indicates the relation between homogeneous and inhomo- 
geneous Chemin-Lerner's spaces. Then this fact allows to prove the local well- 
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Fourier frequency- localization argument. Finally, we apply the new existence the- 
ory to a specific fluid model-the compressible Euler equations with damping, and 
obtain the corresponding results in critical spaces. 
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1 Introduction 



In this work, we consider the A^-component hyperbohc system of balance laws, which are partial 
differential equations of the form 

d 

Ut + ^F^{U).^=G{U). (1.1) 
i=i 

Here U is the unknown A'^-vector valued function of time t > and space coordinate x = 
(xi,X2, • • ■,Xd){d > 1), taking values in an open convex set Ojj C (the state space). and 
G are given A^- vector valued smooth functions on Ou- The problem we are interested in is the 
Cauchy one of the system <\l.l\i . so we supplement (II. ip with the following initial data 

Uo = U{0,x), xGR'^. (1.2) 

Note that in the absence of source term G{U), (jl.ip reduces to a system of conservation laws. 
In that case, it is well-known that classical solutions develop the singularity (e.g., shock wave) 
in finite time even when the initial data are small and smooth (see, e.g., [TO]). System (11. ID with 
source terms typically govern non-equilibrium processes in physics for media with hyperbolic 
response as, for example, in gas dynamics. They also arise in the numerical simulation of 
conservation laws by relaxation schemes (see [H 125} [37] and references cited therein) . In these 
applications, the source term G{U) has, or can be transformed by a linear transformation into, 
the form 




with G R^\g{U) G M^^^ where Ni + N2 = N{Ni / 0). Obviously, the dissipation is not 
present in all the components of the system. A concrete example is the compressible Euler 
system with damping for perfect gas flow, see [32l [M] or Section [5] in this paper. As shown 
by |32^ 134] . the dissipative mechanisms due to the damping term, even if it enters only in the 
second equation, may prevent the formation of singularities and guarantee the global existence 
in time of classical solutions, at least for some restricted classes of initial data. 

Inspired by the concrete example, a natural problem is that what conditions are posed on 
the general source term G{U) such that it may prevent the finite time breakdown of classical 
solutions for the hyperbolic balance laws (jl.ip . A reasonable answer is that the system (jl.ip 
has an entropy defined in |23j in a perfect manner and verifies the Shizuta-Kawashima ([SK]) 
stability condition formulated in [3T] . 

A notion of the entropy for (jl.ip was first formulated by Chen, Levermore and Liu [8]. Their 
entropy was a natural extension of the classical one due to Godunov [ 15] , Friedrichs and Lax 
[T3j for hyperbolic conservation laws, i.e., (jl.ip with G{U) = 0, but it was not strong enough 
to develop the global existence theory for (jl.ip . Recently, under a technical requirement on the 
entropy dissipation and the [SK] stability condition, Yong in [36] proved the global existence of 
classical solutions in a neighborhood of a constant equilibrium U E satisfying G{U) = 0. 
Hanouzet and Natalini [17J obtained a similar existence result for one-dimensional problems in 
a similar situation. For the asymptotic behavior in time of the global solutions, in a similar 
situation, Bianchini, Hanouzet and Natalini [3] claimed the solutions approach the constant 



2 



equilibrium state in the L^-norm at the rate 0{t 2' F-')^ as f — )• 00, for p E [min{(i, 2}, 00] 
by using the Duhamel principle and a detailed analysis of the Green kernel estimates for the 
linearized problem. Subsequently, the second author and Yong [24j removed the technical re- 
quirement on the entropy dissipation assumed in [361 [13 E] by giving a perfect definition of the 
entropy for (jl.ip and proved the same asymptotic decay estimate as in [3] under less regularity 
assumption on the initial data. The crucial point in [24] is to employ the time-weighted energy 
method which was first developed in [22| for compressible Navier-Stokes equations (see also [21]), 
and this enables us to show the decay estimate for d >2 without assuming the property on 
the initial data. 

It should be pointed out the above global existence and asymptotic behavior results of 
classical solutions were established in the framework of the existence theory of Kato and Majda 
[22l[26] for generally quasi-linear hyperbolic systems (i.e., CTH^i'i^'^) n C^i7^~^(R°')), where the 
regularity index a is required to be high (s > 1 + d/2). For the case of the critical regularity 
index a = l + d/2, are there the corresponding existence and stability for the balance laws (jl.ip ? 
To the best of our knowledge, this is a challenging open problem and few results are available in 
this direction. In the present paper, we shall explore the theory of functional spaces and try to 
solve the open problem with the aid of the notion of entropy, since it provides a proper setting 
to develop the existence theory for the balance laws (jl.ip in [231 ES] • 

1.1 Problem setting 

It is convenient to state basic ideas and main results of this paper, we first review the notion of 
entropy and the stability condition for (jl.ip from [231 124j |36]. To begin with, we set 



where the superscript represents the transpose. Then is a subset of M with dimA^ = A'^i. 
In the discrete kinetic theory, M is called the space of summational (collision) invariants. From 
the definition of Ai, we have 



Moreover, corresponding to the orthogonal decomposition M = Ai(BA4 , we may write C/ G M 
as 



such that U & Ai holds if and only if U2 = 0. We denote by £ the set of equilibrium state for 
the balance laws (jl.ip : 



In what follows, we give the notion of entropy. 

Definition 1.1. ( J^ ) Let rj = rj{U) be a smooth function defined in a convex open set Ou C 
M^. Then rj = r]{U) is called an entropy for the balance laws lll-l]) if the following statements 
hold: 



M = {Tp£R^ : (Vj, G{U)) = for any U E Ou} 



G{U) € Af (the orthogonal complement of A^), for any U £ Ofj. 




£ = {U eOu 



G{U) = 0}. 
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(•) r] = rjiJJ) is strictly convex in Ojj in the sense that the Hessian Dfjr]{U) is positive definite 
for U eOu; 

(•) DuFj{U){Dfjr]{U))~^ is symmetric for U £ Ou and j = l,...,d; 
(•) U e£ if and only if {DuviU)^ G M; 

(•) For U ^ £, the matrix DuG{U){D'ljrj{U))^^ is symmetric and nonpositive definite, and 
its null space coincides with M . 

Here and below, Du stands for the (row) gradient operator with respect to U . 

Remark 1.1. We would like to emphasize that Definition 1 1.1 1 is a perfect definition of the entropy 
for the balance laws (jl.l|) , and was introduced in |23j as a modification of the one first formulated 
in |8] . Some different definitions of entropy were also introduced in the previous papers [361 EH E] ■ 
These definitions are, however, not good enough so that these papers have to assume additional 
entropy dissipative properties such as the property stated in Proposition 11.11 below to get their 
global existence and decay results. Note that we do not need to assume Proposition 11.11 for our 
purpose, since it directly follows from Definition 11.11 

Let rj{U) be the above entropy defined and set 

W{U) = {Du7i{U)y. (1.3) 

It was shown in [23] that the mapping W = W{U) is a diffeomorphism from Ojj onto its range 
Ow- Let U = U{W) be the inverse mapping which is also a diffeomorphism from Ow onto its 
range Ojj- Then (jl.ip can be rewritten as 

d 

AyW)Wt + ^A^{W)W^^ = H{W) (1.4) 
i=i 

with 

A^{W) = DwU{W), 
A^{W) = DwF^{U{W)) = DuF^{U{W))DwU{W), 
H{W) = G{U{W)). 

Moreover, let us define 

L{W) := -DwH{W) = -DuG{U{W))DwU{W). 

By virtue of ([Ol), we have DwU{W) = Dfjr]{U{W))-^ . Then it is not difficult to see that (fLTI) 
is a symmetric dissipative system in the sense defined as follows. 

Definition 1.2. (123]) The system ( |j.^[ ) is called symmetric dissipative if the following state- 
ments hold: 

(•) ^''(H^) is symmetric and positive definite for W G Owi 
(•) A^{W) is symmetric for W G Ow and j = 1, ...,d; 
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(•) H{W) = if and only ifWG M; 

(•) For W G Ai, the matrix L(W) is symmetric and nonnegative definite, and its null space 
coincides with A4 . 



As shown by [23] , the symmetrization of balances laws can be characterized by the existence 
of the entropy function. 

Theorem 1.1. ( 123^ ) The following two statements are equivalent: 
(i) The System has an entropy. 

(a) There is a diffeomorphism by which < fj. ij) is transformed to a symmetric dissipative system 

Also, we know from |23] that the source term H(W) of the symmetric dissipative system ()1.4p 
has a useful expression, which further leads to a qualitative estimate of the entropy production 
term Dijr]{U)G{U) = H{W). For clarity, we formulate them by a proposition. 

Proposition 1.1. (f23^} Fixed W e M. Then 

H{W) = -LW + r{W), 

where L = L{W), r{W) G for all W € Ow- Furthermore, it holds that 

\r{W)\ < C\W -W\\{I -V)W\ 

and 

{W,H{W)) < -C\{I-V)W\^ 



for W G Ow close to W, where I the identity mapping on M and V the orthogonal projection 
onto M. 

In order to obtain the effective a priori estimates to extend the local solutions, we also 
reduce ()1.4p to a symmetric dissipative system of normal form in the sense defined below. 

Definition 1.3. (123]) The symmetric dissipative system is said to he of the normal form 

if AP(W) is block- diagonal associated with orthogonal decomposition M.^ = M® M.'^ . 



Use the partition as 



associated with orthogonal decomposition = M (B M.'^- We consider the mapping U ^ V 
defined by 

' Vi\ f Ui 



where W2 = {Du^ri{U)y . This is a diffeomorphism from Ou onto its range Oy- Denote 
by [/ = U{V) the inverse mapping which is a diffeomorphism from Oy onto its range Ou. 
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Hence, W = W{V) is the diffeomorphism composed hy W = W{U) and U = U{V). After 
straightforward calculations, we show that 

d 

with 

A^{V) = {DvW)^A°{W)DvW, 
A^{V) = {DvW)~^A^{W)DvW, 
H{V) = {DvW)^H{W), 
where W is evaluated at 1^(1/). Precisely, 

Theorem 1.2. (\2^) The system f fi.5|) is the symmetric dissipative system of the normal form 
and H{V) = H{W). It holds W G M if and only if V G M between the variables W with V. 
Furthermore, the matrix L(y) := —DyH(y) can be expressed as 

L{V) = {DvW)~^L{W)DvW 

and satisfies L{V) = L{W) ifV eM (i.e., W £ M). 

As a direct consequence, we have an analogue of Proposition 11.11 

Corollary 1.1. Fixed V e M. Then 

H{V) = -LV + f{V), 

where L = L{W), f^{V) G Ai^ for all V G Oy. Furthermore, 

\f{V)\ < C\V -V\\{I -V)V\. 

and 

{V,H{V)) < -C\{I-V)Vf 

for V G Oy close to V, where I the identity mapping on and V the orthogonal projection 
onto M. 

Finally, we formulate the [SK] stability condition for (jl.Sp . since we deal with the symmetric 
dissipative system of normal form in the subsequent analysis. Let y G be a constant state 
and consider the linearized form of (jl.Sp at V = V: 

d 

A'^Vt + +LV = Q, (1.6) 

i=i 

where A^ = A^{V), A^ = {V) and L = L{W). Taking the Fourier transform on (fL6]l with 
respect to x G M*^, we obtain 

A^Vt + i\i\A{uj)V + LV = Q, (1.7) 
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where A{uj) := Yl'j=i ^^^j with uj = ^/|^| G S'^-^ (the unit sphere in W^). Let A = be the 
eigenvalues of ()1.7p . which solves the characteristic equation 

dei{XA^ + i\i\A{uj) + L) = {). 

Then the stability condition for (|1.6|) is stated as follows. 

Definition 1.4. The symmetric form hl.5\) satisfies the stability condition at V ^ M if the 
following holds true: Let (f) G satisfies G (i.e., Lcf) = Q) and XAP + A{u})(j) = for some 
{\,uj) G M X S'^-i, then = 0. 

The stability condition was first formulated in [31j for symmetric hyperbolic-parabolic cou- 
pled systems including our present symmetric hyperbolic system p.4p or (jl.Sp . In addition, the 
characterization of the stability condition was also given by |31] . 

Theorem 1.3. The following statements are equivalent: 

(•) The system ^.5\) satisfies the stability condition atV ^ M.; 

(•) ReA(ie) < /or ^ / 0; 

(•) There is a positive constant c such that ReA(i^) < — c|^p/(l + for ^ G M*^; 

(•) There is an N x N matrix K{oj) depending smooth on uj ^ W^^"^ satisfying the properties: 

(i) k{-uj) = -K{uj) for UJ G S'^-^; 

(ii) K{uj)A^ is skew- symmetric for uj G S'^^^; 

(iii) [K{uj)A{u)Y -\- L is positive definite for uj G 'E>'^~'^ , where [X]' denotes the symmetric 
part of the matrix X . 

Remark 1.2. We also formulate the stability condition for (II. 4p at the constant state W G M. 
It turns out that the stability condition for (II. 4p at the constant state G is equivalent to 
the stability condition for (11. 5p at V ^ M.. 

1.2 Main results 

Recently, there are many well-posedness studies on the extension of the regularity class of initial 
data, such as using Besov spaces, or Triebel-Lizorkin spaces (see, e.g. [5l El [HI [35] and references 
therein). Most of those results are concerned on specific equations. In this paper, we confine the 
attention to a rather general type of equations as ()l.ip - (ll.2|) . furthermore, we study the case of 
critical regularity index [a = 1 + d/2) where the classical existence theory of Kato and Majda 
fails. In this direction, there are only partial results available. In [20], Iftimie first considered 
()1.5p with AP(y) = I]\f and gave a local existence for symmetric conservation laws pertaining 
to data in the Besov space 

^l+d/2^j^rf^^ which is a subalgebra embedded in C^(M''), and the 
lower bound of the maximal time of existence was also obtained. Using the standard iterative 
method, Chae [4] established a similar local existence for (11. Sp independently, where he assumed 
that the condition C~^In < A^iy) < CI]\[{yV G M'^). In their works, they both considered the 
symmetric conservation laws (jl.Sp . i.e. without the source term H(V). However, up to now, the 
well-posedness and stability theory for general balance laws in critical spaces still are unknown. 
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The balance laws (jl.ip with an entropy can be symmetrized, however, the local existence 
of classical solutions of this paper does not follow from the works of Iftimie and Chae [20' ^ 
directly. Actually, we can remove their crucial assumption C^^Ij^ < A^{V) < Cljy, although it 
is satisfied by many concrete examples. We use the classical iteration argument and Friedrichs' 
regularization method to obtain the local existence. To develop the global local existence of 
classical solutions in critical spaces, the main ingredient is to construct uniform a priori es- 
timates independent of time T according to the dissipative mechanisms produced by source 
terms. Due to the partially dissipative structure of source term Q{U), there occurs a techni- 
cal obstruction. Precisely, we only capture the dissipation rate from the partial components 
{I — V)U rather than the total solutions U , which leads to the absence of the low- frequency 
part A„i(T'{7) in frequency-localization estimates. It seems that there is no chance to obtain 
a priori estimates from the standard definition of the critical Besov space bIY''^{W^). Fortu- 
nately, the time-space Besov spaces (Chemin-Lerner's spaces) L^{Bp^) help us to overcome the 
difficulty. The Chemin-Lerner's spaces were first introduced in f5] by Chemin and Lerner, which 
is the refinement of the usual spaces L^{Bp j.). Furthermore, we explore the functional space 
theory and develop a basic fact that indicates the relation between homogeneous and inhomoge- 
neous Chemin-Lerner's spaces, see Proposition 16.11 in Appendix. Then it follows from this fact 
that some frequency-localization estimates in Chemin-Lerner's spaces with critical regularity are 
established effectively. 

Our main results are stated as follows, where the regularity index a = l + d/2. First of all, we 
state the local well-posedness theorem of classical solutions to the Cauchy problem (|l.ip - ()1.2p . 

Theorem 1.4. Suppose the balance laws il-l]) admits an entropy defined by Definition \l.l\ Let 
U ^ £ be a constant state. If the initial date Uq satisfy Uq — U ^ i?f ;^(M'^) and take values in a 
compact subset of Ou, then there exists a time Ti > such that 

(i) Existence: the Cauchy problem U.1\) - [T7^) has a unique solution U G C^{[0,Ti] x R'^) 
belongs to 

U-UG CTi(i32"i(IK')) n C^^iB^\R'')). 

(a) Blow-up criterion: there exists a constant Cq > such that the maximal time T* of 
existence of such a solution can be bounded from below by T* > -tttt — ^rn . Moreover, if 

T* is finite, then 

limsup \\U — U\\b^^ = CO 

if and only if 

T* 

II V[/||ioo(it = cxD. 

Remark 1.3. The local existence result of classical solutions holds true in the framework of 
Chemin-Lerner's space with critical regularity, which can be proved by the classical iteration 
argument with the help of entropy notion, see Proposition 13.11 for details. Let us mention that 
the new general result can be regarded as an improvement of the works of Iftimie and Chae 
[20\ \^ . which enriches the classical local existence theory of Kato and Majda |22l I26j . 

In small amplitude regime, with the aid of the [SK] stability condition, we establish the 
global well-posedness of classical solutions to the Cauchy problem ()l.ip - (ll.2p in critical spaces. 
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Theorem 1.5. Suppose the balance laws U.l\) admits an entropy defined as Definition \l.l\ and 
the corresponding symmetric system ^.5\) satisfies the stability condition at V G M, where V 
is the constant state corresponding to U. There exists a positive constant 5o such that if 

then the Cauchy problem il.l\) - [T^) has a unique global solution U £ C^(M+ x M*^) satisfying 

u-u e CiBl^iR'^)) n C\B^^\R'^)). 

Moreover, it holds that 

\\U - ^llz:oo(sj^(Kd)) + ^o(ll(^ - ^)'^ll2;2(Bj^^(Kd)) + l|Vf^llL2(Bj-^(IR'*))) 

< Co\\Uo - UW^a^^^^d), (1.8) 
where Co,^o 0,1^^ some positive constants, and V is the orthogonal projection onto Ai. 

Remark 1.4. The proof of Theorem 1 1 . 5 1 r ehes on a crucial a priori estimate (Proposition 14. ip and 
the standard continuation argument. The a priori estimate can be done in three steps, which is 
derived by Fourier frequency-localization argument, rather than the classical energy approach 
as in |36) . The first step is the basic entropy variable estimate, which leads to the L^-estimate 
exhibiting the dissipation rate of (/ — V)U. To take account of it, the next step is to estimate 
(I — V)!! in homogeneous Chemin-Lerner's spaces with higher space derivatives. The last step 
is to capture the dissipation rate of VU in Fourier space, due to the important skew-symmetry 
condition in Theorem 11.31 To conclude, the a priori estimate is followed by Corollarv 16.11 

Remark 1.5. In comparison with the previous efforts in [17 ^ 1231 [36] , Theorem 11.51 exhibits the 
optimal critial regularity of the global existence of classical solutions, which can be regarded as 
a supplement to the existence theory of hyperbolic problems. On the other hand, we see that 
Theorem 11.51 is applicable to many concrete partially dissipative balance laws, for instance, the 
compressible Euler equation with damping in Sect. O However, let us mention that Theorem 
11.51 was obtained by assuming all the time the [SK] condition. As a matter of fact, this condi- 
tion is not satisfied by all physical models, such as the equations of gas dynamics in thermal 
nonequilibrium (see [37]). It would be interesting to weaken the condition while preserving the 
global existence in critical spaces. This issue is under current consideration. 

As a direct consequence of Theorem 11.51 we can see the large-time asymptotic behavior of 
global solutions near the equilibrium U in some Besov spaces. 

Corollary 1.2. Let U be the solution in Theorem \1.5[ Then 

l|Vm-,i)llB-i-(M.)^0, 

\\VU{;t)-U\\B;-^-^R'^)^^ {P=^' ^>2)' 

and 

\\{I-V)U{;t)\\^.-.^^,^^0 

for any e > 0, as t ^ +00. 
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The rest of this paper unfolds as follows. In Sect. El we introduce the Littlewood-Paley de- 
composition and recall the definitions and some useful conclusions in Besov spaces and Chemin- 
Lerner's spaces. In Sect. [3l we give the local existence of classical solutions in Chemin-Lerner's 
spaces with critical regularity. Sect. [His devoted to the proof of a priori estimates. In Sect. El we 
present some applications about our new results. The paper ends with an Appendix (Sect. [6]), 
where we develop the elementary fact that indicates the relation between homogeneous and in- 
homogeneous Chemin-Lerner's spaces, and establish the existence for linear symmetric system, 
which is used to prove the local existence for the quasilinear symmetric system (II. Sp . 

Notations. Throughout the paper, we use (•, •) to denote the standard inner product in the 
real or complex C^. C > stands for a generic constant, which might be different in each 
context. The notation / ~ 5 means that / < Cg and g < Cf. Denote by C{[0,T], X) (resp., 
C^{[0,T],X)) the space of continuous (resp., continuously differentiable) functions on [0,T] with 
values in a Banach space X. For simplicity, the notation ||(/, means + \\g\\x with 

f,g G X. In addition, we omit the space dependence, since all functional spaces (in x) are 
considered in W^. 



2 Littlewood-Paley theory and functional spaces 

The proofs of most of the results presented in this paper require a dyadic decomposition of 
Fourier variable, so we recall briefly the Littlewood-Paley decomposition theory and functional 
spaces, such as Besov spaces and Chemin-Lerner's spaces. The reader is also referred to [2\ for 
details. 

We start with the Fourier transform. The Fourier transform / of a L^-function / is given by 



More generally, the Fourier transform of any / G S', the space of tempered distributions, is 
given by 

{Tf,g) = {f,Tg) 

for any g € S, the Schwartz class. 
First, we fix some notation. 

5o = {0 G S, 9°-F/(0) = 0, Va G N'^ multi-index}. 

Its dual is given by 

S'o=S'/P, 

where P is the space of polynomials. 

We now introduce a dyadic partition of W^. We choose 0o G 5 such that </)o is even, 



r 3 81 

supp^o := ^0 = |C G IK'^ : ^ < ICI < ^j, and (po > on A 

Set Aq = for g G Z. Furthermore, we define 

MO = W^-'O 



0- 
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and define G 5 by 



MO 



J2q& MO' 

It follows that both J-''3>g(^) and are even and satisfy the following properties: 
and 



1, if CGM'^\{0}, 

0, if e = 0. 



(jr= — CXD 

As a consequence, for any / G Sq, we have 

00 

To define the homogeneous Besov spaces, we set 

\f = ^g*f, g = 0,±l,±2,... 
Definition 2.1. For s G M and 1 <p,r < 00, i/te homogeneous Besov spaces B^^^ is defined by 

B;,r = {/ G 5o : II/IIb^ < 00}, 

where 



Egez(2''1|AJ||L.r)'^\ r<oo, 
suPgez2«^||A5/||LP, r = oo. 

To define the inhomogeneous Besov spaces, we set ^ € C^{R'^) be even and satisfy 



g=0 



It is clear that for any f e Sq, yields 



q=0 



We further set 



0, 



j < -2, 



-1, 



j = 0,l,2,... 

Definition 2.2. For s G R and 1 < p,r < 00, the inhomogeneous Besov spaces Bp ,^ is defined 
by 

Bl^ = {feS': < 00}, 



where 



^ supg>_i 2«*||Aq/||LP, r = 00. 
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Let us point out that the definitions of Bp ^. and B^ j. does not depend on the choice of the 
Littlewood-Paley decomposition. Now, we state some basic conclusions, which wih be used in 
subsequent analysis. 

Lemma 2.1. (Bernstein inequality) Let A; G N and < Ri < i?2- There exists a constant C, 
depending only on Ri,R2 and d, such that for all 1 < a <b < oo and f € L"', 

Supp-F/ C G : lel < RiX} sup < C7'=+U'^+'^(^-i)||/||i.; 

\a\=k 

Supp^/ C {e G M-^ : i?iA < lei < R2X} C-'-'X^WfU^ < sup < C'+^X^WfU^. 

\a\=k 

As a direct corollary of the above inequality, we have 
Remark 2.1. For all multi-index a, it holds that 

^||/||^.+M<||5"/||5. <C||/||^.+h; 

||5"/||b.^<C||/||^.+i.|. 
The second one is the embedding properties in Besov spaces. 
Lemma 2.2. Let s G M and 1 < p,r < 00, then 

(1) Lfs>0, then B^- = LP D B^-- 

(2) Lf s < s, then B^ j. B^-. This inclusion relation is false for the homogeneous Besov 
spaces; 

(3) // 1 < r < f < 00, then B^^^ ^ B^ - and B^^^ ^ B^ -; 

(4) If I <P<P< 00, then B;^, ^ Bp^^"^^^'^^ and B;, ^ 

(5) B^Jf ^ Co, <f Co(l < p < 00); 

where Co is the space of continuous bounded functions which decay at infinity. 
The third one is the result of compactness in inhomogeneous Besov spaces. 

Proposition 2.1. Let I < p,r < 00, s G M and e > 0. For all (p £ , the map f ^ 4)f is 

compact from Bp^^ to Bp ^. . 

On the other hand, we also present the definition of Chemin-Lerner's space-time spaces first 
introduced by J.-Y. Chemin and N. Lerner [5], which are the refinement of the spaces L^{Bp^) 
or 4(5^,,). 
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Definition 2.3. For T > 0, s G M, 1 < r, ^ < oo, the homogeneous mixed time-space Besov 
spaces Lj,[Bp ,j.) is defined by 

L'riBlr) ■■= {/ e L\0,T;S;,) : ||/|lz^(s._^) < +oo}, 

where 

with the usual convention if r = oo. 

Definition 2.4. For T > 0, s G M, 1 < r, ^ < oo, the inhomogeneous mixed time-space Besov 
spaces Lj,{Bp j.) is defined by 

L'riBlr) ■■= {/ e L\Q,T-S') : ||/||z^(s.^ < +oo}, 

where 

q>-l 

with the usual convention if r = oo. 

We further define ^ ^ 

Ct{b;^,) ■.= L¥{B;^,)nc{[o,T],B;^,) 

and ^ ^ 

:= {/ G C\[0,T],B;^^)\dJ G 

where the index T wiU be omitted when T = +oo. 

Next we state some basic properties on the inhomogeneous Chemin-Lerner's spaces only, 
since the similar ones follow in the homogeneous Chemin-Lerner's spaces. 

The first one is that L^{B^^r) 

may be linked with the classical spaces Lj,(Bp^^) via the 

Minkowski's inequality: 
Remark 2.2. It holds that 

Let us also recall the property of continuity for product in Chemin-Lerner's spaces L^(Sp^). 
Proposition 2.2. The following inequality holds: 

ll/5llZ^(i3|,J < ^(11/1141 (L-)II5IIZ^2(B._J + Il5ll43(i,x>)ll/IIZ^4(B._^)) 

whenever s > 0,1 < p < 00, 1 < 9, 9i,92, ^3, ^4 < 00 and 

9 9i 92 ^3 94 

As a direct corollary, one has 
whenever s > d/p, s = + s"- 
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Then we state a result of continuity for compositions in Lj,{Bp^). 

Proposition 2.3. Let s > 0, 1 < p,r,e < oo, F € M) with F(0) = 0, T G (0,oo] 

and V e n L^{L°°). Then 

Finally, we present the estimates of commutators in Chemin-Lerner's spaces to end up this 
section. The indices s,p behave just as in the stationary cases (see, e.g. [21 [Til [35]) whereas the 
time exponent 6 behaves according to Holder inequality. 

Proposition 2.4. Let 1 < p < oo and 1 < /? < oo. Then there exists a generic constant C > 
depending only on s,d such that 



ll[/,A,]5||..(..)<Cc,2-(^+i)||/|| ., 11,11^^^ sG {-1-1,1], 

where the commutator [•, •] is defined by [f,g] = fg — gf , and the operator A := div or V. {cq} 
denotes a sequence such that \\{cq)\\ii < I, ^ = ^ + g^- 

3 Local existence 

In this section, we prove the local existence of classical solutions to the symmetric dissipative 
system (jl.Sp subject to the following initial data 

V\t=o = Vo with Vo = V{Uo), (3.1) 

which can be regarded as an improvement of the works of Iftimie [20] and Chae [3] for symmetric 
hyperbolic systems. Here we could neglect the source term H(y) in (|1.5p for simplicity, since it 
is only responsible for the large-time behavior of solutions. 
First, we consider the linear equations of ()1.5p : 



d 

A^{V)Vt + ^A^{V)%^=0, (3.2) 
i=i 

with 

V\t=o = Vo = Vo. (3.3) 
For the initial data Vq, we assume that Vq — V £ and 

Vo{x) G Co for any x £ R'^, (3.4) 

where Oq is a bounded open convex set in satisfying OqCOv- 

For the existence of (I3.2|) - (I3.3|) . the reader is referred to Proposition 16.21 in the Appendix. 
Furthermore, for V{t,x), given function on Qt = [0,T] x W^, we assume that 

V-VG CriBl,) n C^B^-,'), (3.5) 
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V{t, x) G Oi for any {t, x) £ Qt, (3.6) 
\\Vit,x)-V\\i^^^^^^^<Mi, (3.7) 

||aty(t,x)||j^(^.-i) <M2, (3.8) 

where Oi is a bounded open convex set in satisfying Oi C Oy , and Mi, M2 are two constants. 
Denote 

Xt{Oi;Mi,M2) = {V £Ov : the conditions ([33]) - ([33]) are satisfied}. 

Next, we shah prove that X^(Oi; Mi, M2) is an invariant set under iterations by determining 
Oi,Mi,M2 and T. 

Lemma 3.1. (invariant set under iterations) Suppose that the initial data satisfy Vq — VG 
and |3.^[ ). Then there exists a time Tq > 0, such that if V £ X^y(C'i; Mi, M2), the Cauchy 
problem ( fg.^j -i TOj] has a unique solution V in the same X^^{Oi; Mi, M2) . 

Proof. First, it follows from Proposition 16.21 and the assumption of Lemma l3.ll that V — V £ 
CT(Sf 1) nC^(S2_7^). Next, we show the solution V satisfies (13771) - (|3:8D . 
Set Z = V — V . The system (13. 2p can be written as 

d 

A'{V)Zt + Y,^HV)Z,,=0. (3.9) 

i=i 

Applying the operator Ag to (13. 9p . we infer that AgZ satisfies 

d d 

A\V)A,Zt + Y,A^{V)\Z,^ = - Y,^\y)W^^\V)-^A^{V)]Z,^, (3.10) 
i=i i=i 

where the commutator [•, •] is defined by [/, g] '■= fg — gf ■ 

Perform the inter product with A^Z on both sides of the equation (|3.10p to get 

d 

{A\V)AqZ, AgZ)t + Y,(A\V)AgZ, A,Z),^. 
i=i 

d 

= -2j](lO(y)[A„lO(F)-iI^'(y)]Z,.^,A,Z) + (divA(y)A,Z,A,Z), (3.11) 
i=i 

whereafter we use the notations: 

d 

k{Y) = {A'{V),AHV), ■ ■ ■,A''{V)), divA(F) = A'{V)t + j;i^'(y).^.. 

i=i 
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Integrating (j3.1ip over gives 

at ao ^ j^d 



+ / {diYA{V)AgZ,AqZ)dx (3.12) 



/ ~ \ 1/2 

With 11/11^2,^ :=(4,(^0(y)/,/)dx) . 

Since V £ Oi with Oi C Oy, there exists a positive constant C = C{Oi,Mi) such that 



< A\V) < CIn, (3.13) 



which yields II/IIm 
Therefore, we have 



— I 



A,z\\l, = -2^ / (lO(y)[A„lO(y)-iI^-(y)]z,^^,A,z)dx 

+ /" (divA(y)AgZ,AgZ)dx 

< C\\[A„A^{V)-'A^{V)]Z^^\\L2\\AgZU2 (3.14) 
+C||divA(y)||Loo||AgZ||22. 

Let e > be a small number. Dividing (j3.15p by (||AqZ||^2 + f-)^^'^, we obtain 

^"A.Zll^^+e)'^' <C||[A„lO(y)-iI-''(y)]Z,J|i2+C||divA(y)||Loo||AgZ||i2. (3.15) 



A time integration yields 

X 1/2 



\\A,Z\\l^ < (\\AgZ\\l,+ej 

< (||A,Zo||i2+e)'^' + C^*||[A„lO(y)-iI^'(y)]Z,,||L2dr 

+C [ \\dWA{V)\\L^\\AgZ\\L2dT. (3.16) 
Jo 

Taking the limit e — )• and using the estimates of commutators and continuity for the compo- 
sition in the stationary case (see, e.g. [21 [35]), we arrive at 

2«n|AgZ||.^(i2) < 2'"'\\AgZo\\L2 + C f c,{T)\\VV\\^.-i\\Z\\B^^^dT 

Jo ^'^ 

+C [ 2'"^||divA(y)||Loo||AqZ||i2dr, (3.17) 
Jo 
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where we used Lemma [2^2] and ||cg(f)||£i < 1, for all t S [0,T]. Summing up ()3.17p on g > — 1 
implies 

\\z\\i^m. ) < l|iolbf, + c r(||vy|bj^ + ||divA(y)||i^)||z(t)b./t 

2,1' ' Jo ' 

< \\Zo\\b^^ + C r{\\VV\\B^^ + \\divA{V)\\L^)\\Z\\^^,^^ .dt. (3.18) 
Jo ' * ^'-^ 

Then it follows from Gronwall's inequality that 

||^|IZoo(B.^) < ||^obj_,exp{cy {\\VV\\bi^ + \\divA{V)\\ Loo)dt'j 

since V{x,t) G X^{Oi; Mi, M2). Take Tq > small such that 

gCT{Mi+M2) < 2. 

Then the right side of p.l9p is bounded by 2||Vb — so we choose Mi = 2||Vo — F||_bj^. 

From the equations (|3.2p . we have 



d 

Vt + Y,{^''{V)-'A^V) - A\V)''A^{V)}Z,^ = -A^{V)-'A^V)Z,^, (3.20) 
which implies from Proposition 12.21 that 



< C{l + Mi)Mi, (3.21) 

so we take M2 = C(l + Mi)Mi. 

Finally, it can be shown that the solution V satisfies (13. 6p . Indeed, from Vt S C([0, Tq], i?2l^) 
and the simply equality V — Vo = /q Vtdr, we deduce that 

|y(t,x)-yo(x)| <ro sup \\Vt{t,-)\\L^ <ctoM2. (3.22) 

t6[0,To] 

Note that we take Tq small so that CT0M2 < di with di < d^ = dist(C'o, SOy), so ^ G Oi 

with Oi := di-neighborhood of Oq- This completes the proof of Lemma l3.1[ □ 



With the help of Lemma 13.11 we further establish the local existence of ()1.5p with ()3.ip . 
Proposition 3.1. Assume that the initial date Vq satisfies Vo — V £ B21 and (3^. Then 
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(i) Existence: there exists a positive constant Ti(< Tg), depending only on O^^di and \\Vq — 
V\\b^^ such that the system i tj.5|] with Ii3.1\) has a unique solution V G (Oi; Mi, M2), 
where Oi , Mi , M2 are determined by Lemma \3.1[ In particular, the solution satisfies 

V G C^([0,Ti] X R"^) 

and 

V -V eCTABli)r\C\^{B^^^^). 

(ii) Blow-up criterion: there exists a constant Cq > such that the maximal time T* of 



existence of such a solution can be bounded from below by T* > . Moreover, if 

T* is finite, then 



limsup \\V — V\\b^-^ = 00 



if and only if 

f-T* 



\\VV{t)\\Loodt = 00. 







Proof. Based on Lemma [3?T1 we introduce the successive approximation sequence {V^it, x)} 
for the Cauchy problem (j3.2p - (|3.3p as foUows: 



00 

n=0 



V^ = V, 

and for n > 0, 

d 

^O^yn-^yn+l ^ ^ (V'')V^+^ = (3.23) 
J = l 

with the initial data 

F"+i|t=o = Vo{x). (3.24) 

By Lemma IXH the sequence {V^(t, x)}^^q is well defined on Qtq for all n > 0, and is uniformly 
bounded with respect to n > 0, i.e., V" G X^^(C'i; Mi, M2). Next, it wih be shown that 
{y"(t,x)}~^o is a Cauchy sequence in CxoiB^^^). Define = 1/"+^ - for any n>l. 

Take the difference between the equation (I3.23P for the n + 1-th step and the n-th step to 
give 

d 



d 

= -i°(y") ^{iO(y")-iiJ'(y") - a^{v'^-^)-'^a^{v'^-^)}v^^ (3.25) 

subject to the initial data 

V^"|i=o = 0. (3.26) 
Apply the operator Ag to (|3.25p to get 

d 

i°(y")Agyj" + ^i-''(y")A,y;^. =Ri + R2, (3.27) 
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where 

d ^ _ _ 

j=i 

d 

Following from the similar steps as p.l2p - p.l6p . we get up with 

IWV^L^ <C [\\\Ri\\L2 + \\R2\\L2)dT + C [' \\dWA{V'')\\L^\\AgV^L^dT. (3.28) 
Jo Jo 

By multiplying the factor 2'?^'^^^^ on both sides of the inequality (|3.28p . we obtain 

+C7 r||divA(F")||L-2'?('^-^)||A,y"||i2dT, t e [0,To], (3.29) 
Jo 

where {cg} denotes some sequence which satisfies ||(cg)||^i < 1. 
Summing up (|3.29p on g > —1, it is not difficult to get 

II^^IIZ?. (B,^-) < C^'' {\\V- - yilBj, + ||divA(y")||^.) \\V-h^^^.-./t 

+c r 11^" - nBi,\\v''-Xr(Bi--)di- (3-30) 







With the aid of Gronwall's inequality, we immediately deduce that 
1 1 t7" 1 1 ~ 



c/o^«{||y"-y|bj^+||divA(y")|u^K - i|T>-i|| 



< CMiroe^^«(*^i+^2)||f"-i||r^,R.-i,. (3.31) 
Take Ti so small that 

Ti < To and CMiTie^^^^^'^^+^^^^ < ^. 

Then it follows from (j3.3ip that {V^'' — F) is a Cauchy sequence in Cri(-B2T^)- There exists a 
function V{t,x) with V -V e Ct,{B^^) such that - V) strongly in Ct,{B^'^) as 
n — )• 00. On the other hand it follows from Fatou's property that the conditions (j3.7p - (j3.8p 
are satisfied, since is uniformly bounded in the space Xj^^{Oi; Mi, M2) C Xj^_^{Oi; Mi, M2). 
The property of strong convergence enable us to pass to the limits in the system (|3.23p - (|3.24p 
and conclude that y is a solution to p.Sp and (j3.ip . What remains is to check that V — V € 
C{[0,Ti], B21). Indeed, we easily achieve that the map t 1— )■ ||Aq(l/(t) — F)||i;,2 is continuous 
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on [0,Ti], since V -V e C{[0,Ti]; B^^). Then we have Ag{V{t) - V) e C{[0,Ti]; B^^) for all 
q > -1. Note that V-V £ L5?(5f J, the series J2q>-i 2''''||Ag(F(t)-F)||L2 converges uniformly 
on [0,ri], which yields V -V £ C{[0,Ti]; B^-^). Moreover it follows that Vt G C([0, Ti]; 5^7^), 
which implies the condition (|3.6p immediately. Hence, the local existence part of solutions is 
complete. 

Concerning the uniqueness, we set V = Vi — V2, where Vi and V2 are two solutions to the 
system p.Sp subject to the same initial data, respectively. Then the error solution V satisfies 

d 

i=i 

d 

= -iO(F2)-ii^(y2)}l^2.,. (3.32) 

i=i 

As above, following from the proof of Cauchy sequence, we obtain the inequality 

II^IIZ??(BJ-) ^ C £\\\V^-V\\B^^^^ + \\V2-V\\B^^;)m^^^ (3.33) 

Gronwall's inequality implies V = immediately, i.e., the uniqueness of solution V is achieved. 
The blow-up criterion follows from the works of Iftimie and Chae [20\ [3] directly, we omit the 
details. This finishes the proof of Proposition 13. 1[ □ 

4 A priori estimate and global existence 

To show that the classical solutions in Proposition 13.11 are globally defined, in this section, 
the central task is to construct further a priori estimates based on the dissipative mechanism 
produced by the source term. 
To this end, we set 

E{T) := \\V-V\\z^^Bi,) 

and 

D{T) := ||(/-P)l^|lz.(B,^^^) + l|VV^IIz.(5.-i) 

for any time T > 0. 

Our a priori estimate reads as follows. 

Proposition 4.1. If V - V G Ct{B^^i) n C^{B^^) is a solution of [TS]) and / fJi]) for any 

T > 0, then there exist some positive constants 6i,fii and Ci, if E{T) < 61, then 

E{T)+fiiD{T) < CiWVo - V\\bi^. (4.1) 

Thanks to the standard continuation argument, we extend the local-in-time solutions in 
Proposition 13.11 with the aid of Proposition 14.11 and obtain the global existence of classical 
solutions to the system (jl.5p and p.ip . here we omit details, see, e.g., [28]. Then it follows from 
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Theorem O and Proposition O that U £ Ci(R+ x W^) is the global-in-time classical solutions 
of ()l.ip - ()1.2p . Furthermore, we arrive at Theorem 11.51 

Actually, the proof of Proposition 14.11 is to capture the dissipation rates from contributions 
of {I — V)V and W in turn by using the frequency-localization method. For clarity, we divide 
it into several lemmas. 

Lemma 4.1. If V - V CriB^^) D C].{B^^) is a solution of fTgi and (E2P for any T > 0, 
then the following estimate holds: 

\\V - VWl^^l^) + 11(1 - r)Vh2,^L^) < C\\Vo - V\\l'.. (4.2) 

where C is a uniform positive constant independent of T. 

Proof. It follows from Remark 12.21 and Lemma 12.21 that 

sup \\V{t, ■) - V\\loo < CE{T) < Cdi, (4.3) 

0<t<T 

SO V{t,x) takes values in a neighborhood oIVgM. 

Let iJ £ £ he the constant state corresponding to V £ M.. Denote the relative entropy 
function fi{U) by 

??([/) := r,{U) - v{U) - {Dur]{U), U-U). 
Then the strictly convex quantity ??([/) satisfies 

viU) > 0, r]{U) = 0, DuviU) = 0. 

Furthermore, fi{U) is equivalent to the quadratic function \U — C7p and hence to \V — Vp, since 
fi{U) is strictly convex in U. On the other hand, from (jl.ip . we get the entropy-entropy flux 
equation 

d 

m)t + ^q'iU)., = {DuviU),G{U)) (4.4) 

with q^U){j = 1,- • ^d) = q^U) - q^{U) - {Dur]{U), (U) - F^{U)), where q^{U) is the 
associated entropy flux with the entropy rj(U). It follows from (jl.3p and Proposition 11.11 that 

{DuviU), G{U)) = {W, H{W)) < -C\{I - V)W\^ < -C|(/ - V)V\\ (4.5) 

where we used the fact that W £ ^A is equivalent to V £ Ai. Integrating (14. 5j) over [0, T] x 
implies the desired inequality (j4.2p immediately. □ 

Lemma 4.2. If V - V e Ct{B^^i) n C\{B'^J^) is a solution of fr^j and (EIP for any T > 0, 

then the following estimate holds: 

ll^-^IIZ5.(Bj,,) + IIU-WIIZ|(..,,) 
where C is a uniform positive constant independent of T. 
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Proof. Indeed, from Corollary 11.11 the normal form (jl.Sp can be written as 

d 

A'{V)Vt + A^iVW., +LV = f{V). (4.7) 
i=i 

Applying the homogeneous localization operator Ag(g G Z) to ()4.7p . we obtain 

d 

A\V)K^Vt + ^i^'(y)A,y,^, + L\V = h{V) + h{V), (4.8) 
i=i 

with 

d 

h{y) = -Y.A\V)[\,A\V)-'A^{V)]V.^, 
i=i 

and 

h{V) = A\V){-[i:^,,A\V)-']LV + UA\V)-^f{V))\, 



where the commutator [•, •] is defined by [f,g\ := fg — gf ■ Take the inner product of (14. Sp with 



/^qV to get 



d 

= 2{{h{v) + i2{v),KqV) + (divA(y)A,y, A,y), (4.9) 



where 



and 



d 



divk{v) = A\v)t+Y,^'iy)^ 



Obviously, the norms ll/H^a « ||/||l2 and ||/||72/r<t ^ ~ ||/||72|'r<t ), since V{t,x) takes values 

AO T'' 2,1' 2,1' 

in a neighborhood of E A^. 

Integrating (gj]) over [0,t] x M'^ (t G [0,r]) gives 

||A,(y-y)||2,^jV||(/-P)A,y||2,(^,) 
= c/ / (/i(y) + /2(i^),Agy)dxdt 

+C / / (divA(y)A5y,A5y)dxdt, (4.10) 

where we used the fact Agl/ = 0. Next, we begin to estimate the integrations in the right-hand 
side of (j4.10p respectively. 
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From the equations ([13]) and CorollarylTU we have \Vt\ < C{\W\ + \{I - V)V\). Then 



{dwA{V)AgV, AgV)dxdt 

d 

Jr+ 

< c[ {\\VV\\Lo^ + \\{I-V)V\\Lo^)\\AgV\\l,dt 

Jr+ 

< C(||Vy||i2(ioo) + 11(1 - V)Vh2^L^)) \\AgV\\L^^L^)\\AgV\\L2^L^) 



(4.11) 



where we used the embedding property (5) of Lemma |2.2[ Here and below {cq} denotes some 
sequence which satisfies ||(cg)||;i(2) < 1, although each {cq} is possibly different. 

With the aid of Cauchy-Schwartz inequality and the commutator estimates in Proposition 
12.41 we have 



{h{V),AqV)dxdt 



< CCq2 



-go- II JO 



A'{vr'A^{V)\\r 



(4.12) 



and 



{l2iV),AgV)dxdt 

< c(||[A„iO(y)-i]Ly|L.(^.) + ||A,(iO(y)-V~(F))||i.(^.) 
x||(/-P)A,y|L.(^^^,) 

< Cc,2--(||i0(y)-||j.(^. j|Ly||j.(^._.^ + mv)-^riv)h.,s,,, 

\\iI-P)V\\r 



x||(/-P)A,y|L.(^^^) 



< CCg2 '^''WV -V\\j^ac(^^a_^s^ 

xUl-V)AgV\\,.,,^^), 



(4.13) 



where we also used the homogeneous versions as Propositions I2.2 l l2.3i 
Combining with (j4.10p - (|4.13p . we are led to the estimate 

\\\iy-n\i^^ + \\{i-r)AgV\\i,^^,^ 
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< \\A,iVo - + Ccp-'^'^{\\VV\\j^.^^^.-.^ + 11(1 - ^)^llzi(Bj-)) 

+l|V^llz?(i^,7^)) - 'P)\y\\mLi,y (4.14) 

Then multiplying the factor 2^'''^ on both sides of (j4.14p . we obtain 

< 22^n|A,(Fo - + Cc^ (||VF||^.(^.-.) + 11(1 - 7')^llz.(^.-.)) 

X llV^llz.(H^^-i) + ^^c^llF - F||z^(5.^) (ll(/ - ^)^llz?(i^,7^) 
+ l|W|lz?(i.,^-))ll(^-^)^llz?(H,^,)- (4-15) 
By performing Young's inequality, we have 



< 2^-||A,(yo - + Cc,^\\V - ^|lz5?(Bj J 



^T'--"2,l ' -^T\ 2,1 / -^TV 

where we used norms II/IIls.^ « ||/||l2 and ||/|lz2 0j j ~ ll/llzi (Bf 

Summing up ()4.16p on q G X, we can get ()4.6p immediately. □ 

Remark 4.1. According to the elementary fact 

L\LP)nL<^{B;^,.) = L\B;^^.){e>r), 
and Corollary 16. H which are achieved in the Appendix, it follows from (j4.2p and (j4.6p that 



£;(r) + 11(7 - < CIlFo - ^Ibf,, + C^/E{T)D{T). (4.17) 

Lemma 4.3. IfV -V & Ct{B^^i) n C^(S^i ^) is a solution of and (E2P for any T > 0, 
then the following estimate holds: 

||VF||j2(^.-i) < C\\Vo-V\\bi,+CE{T) 



+C\\{I - ^)^IIZ2 (B.^) + C./E(T)D{T), (4.18) 
where C is a uniform positive constant independent of T. 
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Proof. In this paragraph, we shall take full advantage of the [SK] stability condition in Theorem 
11.31 to establish the inequality (14.180 . 

For this purpose, we set Z = V — V . Then the symmetric hyperbolic system (jl.Sp can be 
written as the linearized form at V 



A^Zt + J2 +LZ = g, (4.19) 

where = A^{V),A^ = A^(V) and L are the constant matrices, and G = Qi + G2 with 

d 

Applying the inhomogeneous localization operator Aq{q > —1) to (j4.19p gives 

d 

A'^AqZt + AgZ,^. + LA,Z = A,G. (4.20) 

i=i 

Perform the Fourier transform with respect to the space variable x for (j4.20p and multiply the 
resulting equation by —i\S,\K{uj). Then by taking the inner product with AqZ and taking the 
real part of each term in the resulting equality, we can obtain 



|e|Im(iv:(^)io^A;Z, A^Z) + |eP([i^(^)i(^)]'A;Z, A^Z) 
-\C\lm{kiu;)LA^,A^) + |e|Im(^(a;)A^, A^) 



(4.21) 



with A{uj) = Y.'^-^i ^^^j and u = (/\^\. 

The skew-symmetry of K{uj)A^ implies that 



|e|Im(K(^)io^A;Z, A^Z) = i||e|Im(K(..)iOA;Z, A^Z). 



(4.22) 



It follows from the condition that [K{uj)A{uj)]' + L is positive definite for oj ^ S'^ ^ that 

\^\^{[K{u)Aiu)]'A^, A^Z) > c|e|2|A;z|2 - C\^Wl - V)\Z\^ (4.23) 
Moreover, by virtue of Young's inequality, we have 

\^\lm{K{u;)LA^,\Z)\ < e\C\^\A^\^ + Ce\{I - V)A^\^ (4.24) 
for any e > 0, and 

\^\lm{K{oj)\;G,A^) <C|e||A;Z||A;g|, (4.25) 
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where we have used the uniform boundedness of the matrix K{ljj). Combining the equaUties 
(fOT]) - (fi:22D and the inequahties (jOHjl - dOSD . we deduce that 

i^pia;z|2 < c(i+ic|2)i(/-P)A;z|2+cieiiA;ziiA;g| 

-^^|e|Im(K(a;)iOA;Z, A^Z). (4.26) 
Integrating (j4.26p over [0, t] x M'^, and using Plancherel's theorem yields 

\Wvz\\l,dT 

cj^ (||(/ - V)A,Z\\l, + \\{I- V)AgVZ\\l,yT + C j'^ \\A,VZ\\L-AWQ\\L^dT 
-~^\i\lra{k{i^)A'^'\Z,A^)di^^. (4.27) 
The last term on the right side of (j4.27p can be estimated as 



< 







< c[ (1 + \c\'mA;z)\' + \(A;zo)f)d^ 

< C22«(||A,Z||i. + ||A,Zo||i.), (4.28) 

where we used Bernstein's inequality (Lemma 12. ip in the last step of (|4.28p . Substituting it into 
()4.27p . we conclude that 

< C22^(||A,Z||i^(^,) + ||A,Zo||iO 

+C(||(/ - P)A,Z||i^(^,) + 11(1 - P)A,VZ||i^(^,)) 
+C||A,VZ||^^(^.)||A,g||^2(^2). (4.29) 

Then multiplying the factor 2'^'^^°'^^^ on both sides of (j4.29p gives 

2M^-^)\\A,VZ\\l,^^,^ 

+Cc,2||VZ||j^(^.-.)||g||£.(^.-i) (4.30) 
with 11^1122^(^.-1) < 11^1 ||z2 (5^.-1) + 11^21112 (B--i)> where 

W^MiBZ') - ^\\^h^iB^,-')\\'^ni^B^-) (4-31) 

and 
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From Corollaries 16.11 and 11.11 we have 



< ^ll^llL??(Bj-)(ll(^-^)^llL|(i.j,) + IIWIIZ^(BJ-))- (4-33) 
To conclude, we combine the estimates ()4.30p - (|4.33p to obtain 



< 



+C^c^l|V^IIZ|(B,^-){ll^llZ5.(B,7^)(l|VV^IIZ2(^.-i) + IIU-^)^llz^(i.j,,))}- (4-34) 
By employing Young's inequality, we are led to the estimate 



+Cc,^||Z||j^(^.^)^||Vy||j.(^.-.) + lia-^)^llz^(Bj,)j- (4-35) 
In the end, summing up (j4.35p on g > — 1, we immediately deduce that 

< C{\\Zo\\bi, + E{T)) + C\\{I - 7^)^1112 (5.^) + Cy^D{T), (4.36) 

which is just the desired inequality (|4.18p . □ 
The proof of Proposition \4-l\ Combining the inequalities (j4.17p and (I4.18P , we end up with 



E{T) + D(T) < C\\VQ-V\\Bi,+C./E{f)D{T) 

< CWV^-VWsi.+C^/liDiT). (4.37) 

We take 5i > suitably small such that C^/Si < 1/2. Then the a priori estimate (|4.ip follows 
readily. This finishes the proof of Proposition |4?TJ □ 

The proof of Corollary \1.2l From Remark 12.21 an the energy inequality (II. Sp . we get 

VVU G L^tiB^^) and VVUt G L^tiB^^) 

for any t > 0. Set 

n{t) = \\vvu{;t)\\l^-^^L]- 
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By direct calculations, it is not difficult to see that 

^Mt) ^ \\vvu{;t)\\l^-, + ||vm(-,t)||^.-2 G Ll 

CJjJj 2.1 2,1 

Then apply to the embedding property in Sobolev spaces to get Hit) — )• 0, as t — )■ +oo. 

On the other hand, we can deduce that T'U{t,x) — U is bounded in C([0, oo), i?f ^). Hence, 
from interpolation arguments and the definition of projection operator V, we obtain 

\\Vr(U(-,t) -U)\\r.a-i-. (e > 0), as t-^+oo. 

2,1 

It further follows from Gagliardo-Nirenberg-Sobolev inequality in |12] that 

rC/(-,t)-[7||^.-i-. ^0 (P=^, d>2). 

What remains is the asymptotic behavior of (/ — V)U, which can be dealt with in a similar way, 
here, we omit the details. □ 



5 Applications 



In this section, we see that the new global existence result can be applied to some concrete 
partially dissipative hyperbolic equations, for instance, the compressible Euler equations with 
damping, which are given by the following form 

dtp + V ■ {pu) =0, 

dt{pu) + V • (/9u (g) u) + VP = -pu. ^ ■ ' 

Here p = p{t, x) is the fluid density function of [t, x) G [0, +oo) x R'^ with d > 1; u = (n-^, u^, • • 
■,u'^)~^ denotes the fluid velocity. The pressure P is related to the density by P{n), which satisfies 

P\p) > 0, Vp > 0. 

For simplicity, a usual assumption is the 7-law: P{p) = Ap'^{-j > 1), where j4 > is some 
physical constant, the adiabatic exponent 7 > 1 corresponds to the isentropic fiow and 7 = 1 
corresponds to the isothermal fiow. 

Let us consider the Cauchy problem of the compressible Euler equations (jS.ip subject to the 
initial data 

(p,u)(0,x) = (po,uo). (5.2) 



The system (15. ip describes the compressible gas fiow passes a porous medium and the medium 
induces a friction force, proportional to the linear momentum in the opposite direction. It is 
easy to show that (15. ip is a strict hyperbolic system when the smooth solutions {p, u) away 
from vacuum. For the one-dimensional space case, the global existence of a smooth solution 
with small data was obtained first by Nishida [29], and the asymptotic behavior of the smooth 
solution was studied in many papers, see e.g. the excellent survey paper by Dafermos [9J and 
the book by Hsiao [16]. In multi-dimension space, as shown by \32\ 134] . if the initial data 
are small in some Sobolev space i?*(R'^) with s > 1 + d/2 (s E Z), the damping term can 
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prevent the development of shock waves in finite time and the Cauchy problem (j5.ip - (j5.2p 
admits a unique global classical solution. Furthermore, it is proved that the solution in [32j has 
the -L°° convergence rate (1 + t)~^^'^{d = 3) to the constant background state and the optimal 
< p < oo) convergence rate in general several dimensions [34], respectively. 

For the large-time behavior of solutions with vacuum, the reader is referred to [181 119[ - 

Recently, in [I4j, Fang and the first author studied the existence and asymptotic behavior 
of classical solutions in the framework of Besov spaces with relatively lower regularity. From 
[14| . we find that the low-frequency estimate of density for (15. ip is absent. Then, we overcame 
the difficulty by using Gagliardo-Nirenberg-Sobolev inequality (see, e.g., [12]) to obtain a global 
classical solution, regretfully, the result fails to hold in the critical Besov spaces (cr = 1 + d/2). 
In fact, we added a little regularity {a = 1 + d/2 + e,e > 0) to ensure the global existence of 
classical solutions, which is essentially different from the Euler-Poisson equations in |35] . 

Now, to obtain the desired result of critical regularity, we hope that the compressible Euler 
equations (jS.ip may enter in the class of the hyperbolic balance laws (jl.ip of partially dissipative 
structure. 

To this end, set 

with m = pu. Allow us to abuse the notations here. Moreover, corresponding to the orthogonal 
decomposition M'^+^ = with dim M = 1, we write U = VU + {I - V)U with 

where V is the orthogonal projection onto Ai. In addition, the constant equilibrium state is 

{p,oy e£. 

Let us introduce the energy function 

Imp ff P'(s) 

r^(U) := ^—^ + h{p) with h'ip)= -^ds. 



2p 



Define 



Clearly, the mapping U ^ W is a diffeomorphism from Ou := M^" x onto its range Ow- 
Then for classical solutions {p, u) away from vacuum, (jS.ip is equivalent to the following system 

d 

A^{W)Wt + Y,AHW)W^^ = H{W) (5.3) 



with 



1 Wj 



W2 W2®W2 + P'{p)I, 



d 



A\W) 



W2j WjW2j + P'{p)e] 

W2W2j + P'{p)ej W2j{W2 (g) W2 + P'ip)Id) + P'{p){W2 ® ej + ej ® W2) 
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HiW) = cmw)) = ( 

where Id stands for the dxd unit matrix, and Cj is d-dimensional vector where the jth component 
is one, others are zero. It fohows from the definition of variable W that h'{p) = Wi + IVF2P/2, 
so P'{p) can be viewed as a function of W , since p is the function of Wi + |W2p/2, i.e. of W . 

It is not difficult to see that ^"(VF) is symmetric and positive definite, and the matrices 
A^{W){j = 1,- • •,ci) are symmetric. Obviously, H{W) = holds if and only \i W £ M. In 
addition, 

m) = -vHiw) = ( V ^l.^ + ) • 

For W G M, i.e. W2 = 0, the matrix L{W) is symmetric and nonnegative definite, and its 
null space coincides with M. Hence, the system ()5.3p is symmetric dissipative in the sense of 
Definition O 

Set fi{W) = ph'{p) — h{p), which can be viewed as the function of W. Then, 

^h'{p)+p-h'{p)^ \_f P 



Dwfi{w) = \ 1 w h T^p =[ 

so it follows from the proof of Theorem 1 1.1 1 in |23j that (C/, W{U)) — fjiW) is an entropy function 
in the sense of Definition 11.11 By a straightforward computation, we find 

{U,W{U))-f,{W) = {p,m) ( -^ + ^'(^) ) -(^ph'{p)-h{p))=r^{U). 

Hence, the energy function r/({7) is just the desired entropy. Furthermore, the associated entropy 
flux is 

Next, we show the linearized equations of the dissipative hyperbolic system (15. 3p satisfies 
the stability condition, see Definition 11.41 Set U = (p, 0)"'' G £. The corresponding equilibrium 
state for the variable Vl^ is = (/i'(/3), 0)^ G M.. The linearized equations near W = {h'{p),0)~^ 
reads 

d 

A'>Wt + Y,^'W,j+L = 0, (5.4) 

i=i 

where 

■ 1 



L = L{W) 




P'{p)Id 
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Claim: Let = (VFi, Wz)^ G A e M and w e 8'^"^ If = and \A^^ + A(a;)(^ = 0, 

then 93 = 0. 

Indeed, the condition L^p = gives W2 = 0. Then 99 = (IFi,0)^. For this 99, we suppose 
that XA^^p + A{uj)^p = 0, which imphes XWi = and P'{p)Wiu = 0. This shows that Wi = Q 
and hence (/? = 0. 

Over all, the compressible Euler equations with damping are included in the class of dissi- 
pative hyperbolic equations and satisfy the stability condition at W . Therefore, from Theorems 
ll.4til.51 the Cauchy problem ()5.ip - ()5.2p admits the local classical solutions for general data in 
critical spaces. 

Theorem 5.1. Let p > be a constant reference density. Suppose that po — p and mg G -BJ 1 
with pq > 0, then there exists a time Ti > such that 

(i) Existence: the Cauchy problem ^5.1\) - (5^) has a unique solution (p, m) G C^([0, Ti] x M"^) 
with p > for all t G [0, Ti] and 

{p- -p,m) eCTABl{)r^C^TSB2j')- 

(a) Blow-up criterion: there exists a constant Cq > such that the maximal time T* of 

existence of such a solution can be bounded from below by T* > ju m i . Moreover, 

J J y — ||(po-p, mo)\\B^^ ' 

if T* is finite, then 

limsuplKp- m)||Bj^ =00 

if and only if 

T* 

\\{Vp,Vm)\\Lo^dt = 00. 

Under the assumption of small initial data, we further obtain global-in-time classical solutions 
to (I5.ip - ()5.2p in critical spaces. 

Theorem 5.2. Let p > be a constant reference density. Suppose that po — p and mo G B21, 
there exists a positive constant 5q such that if 

IKpo -p,mo)||B-^ < ^0 

with mo = pouo, then the Cauchy problem l\5.1\) - [5^) has a unique global solution (/>, m) satis- 
fying 

{p,m) G C^(M+ X R'^) 

and 

(p-p,m) GC(i?2",i)ncHi?27')- 

Furthermore, it holds that 

ll(p-/>,m)||j^(^^.^^^ + /io(||m||j2(^^.^^) + ||(Vp,Vm)||;^2(B-i)^ 
< CoWipo- p,mQ)\\Bi^, 

where 6*0,^60 o,re some positive constants. 
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Remark 5.1. In comparison with the previous works [32^ I14j. Theorem 1 5 . 1 1 indicates the critical 
regularity of global classical solutions. In addition, the result is valid for the general pressure 
in arbitrary space dimensions (Due to the techniques used, the papers [32l [H] were denoted to 
the system ()5.ip - (l5.2p with ^-law pressure in at least three space dimensions). 

From Corollary 11.21 we also get the corresponding large-time behavior of (/O, m). 
Corollary 5.1. Let (p, m) he the solution in Theorem \5.1\ Then 

||Vp(-,t)||^.-i-. ^0, 

\\p{-,-t) - P\\ s;-!-- ^ = d > 2) , 

and 

for any e > 0, as t ^ +00. 

6 Appendix 

In this section, we first investigate the connection between the homogeneous Chemin-Lerner's 
spaces and inhomogeneous Chemin-Lerner's spaces. Precisely, we have 

Proposition 6.1. Let s > 0, 1 < 6,p,r < 00. When 6 >r, it holds that 

LULnnLUB;,r) = LUB;,r) (e.i) 

for any T > 0. 

Proof. Without loss of generality, we deal with r < 00 only. In order to prove ()6.ip . we first 
show for all s G M 

LULnnLUB;,r)cLUB;,.). 

Indeed, if / e L^(LP), then 

(LP) = 11^ * fhULr') < C^II/IIl^{Lp)- 
On the other hand, if / G Lj,{Bp^^)^ then 

g=— 00 q=— 00 

Of course, 

{5^(2^^||$,*/||^«(^,))'^} ' = {J](2'^1|AJ||^«(^,))'} '<+oo. 

g=0 (?=0 
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Hence, we arrive at 



oo 



r-| 1/r 



q=-l 



< +00. 



That is, / G 

Conversely, thanks to Remark 



? > r) and s > 0, we have the following imbeddings 



so if / e L^^iB^^r) then / e L^(LP). 
In addition, for g < 0, we obtain 



_ ri|ci>,*^*/ll^^(^,)<c||A_i/ii^^(^,), 



< -1, 



Hence, when s > 0, it is not difficult to get 



1 / 

q<Q q>0 



r-| 1/r 



5>0 



q>0 

Therefore, / G L^(LP) n L^B'pr) if / e 

Corollary 6.1. Lei i/ie assumptions of Proposition [Kl] be fulfilled. Then 

In what follows, we are concerned with the existence result for the linear problem 
p.3p in more general Besov spaces, which is used to establish the local existence in i?2 1 for the 
quasilinear symmetric system (jl.Sp with (|3.ip . 



□ 



Proposition 6.2. Lei T > and let r G [1, 00), s > and Vq — G S| ^. Assume that 

' CriBl r) n C^(52,7^) ^/ s > 1 + or s = 1 + (i/2 and r = 1; 
F - y G <! CT(52'!t^) n 4 (S2',«i^') for£>Otf s = l + d/2 and r > 1; 

CriBlt^^^ n P^i'-) n 4(52'/^ n L-) z/ O < s < l + d/2; 



G Oi for any {t,x) G Qt-, 
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where Oi is a bounded open convex set in satisfying (D\ C Oy. Then the system /i3.2^] -^K 
has a unique solution V belongs to 



V-VeCT{Bl,)ncUB'2-^' 



and satisfies 



where 



C {aiit)+a2it))dt 



a2{t) 



ai{t) = ||I4(t,-)||L-, 

f \\V{t, ■) - ^ i/ s > 1 + d/2, or s = l + d/2 and r = 1; 
•) - ^11 R''+- for e > if s = l + d/2 and r > 1; 

_ 2,oo 

\\v{t, .) - i/ < s < 1 + d/2. 



(6.2) 



Proof. The energy inequality (j6.2p can follow from the proof of Lemma [3.1l at a similar way, how- 
ever, we should point out the estimates of commutator ||[Aq, ||j;^2 for general 
indexes s,r. Precisely, from [2], we have 

Lemma 6.1. For all t G [0, T] and s > 0, it holds that 

2'^^\\[A„A^{V)-'A^V)]Z,^h2 
' Ccg\\V{A°{V)-^A^{V))\\^s-i\\Z\\Bs^, ifs>l + d/2, or s = l + d/2 and r = I; 
Ccg\\V{A^{V)-^A^{V))\\^s-i+e\\Z\\B-^^,, fore>Oif s = l + d/2 and r > 1; 



< < 



where \\cr 



Ccg\\V{A^iVr'A^{Vm^^/^ 



< 1, for all t G [0,r]. 



\Z\\bs, if 0<s<l + d/2, 



Note that these facts, similar to the steps ()3.9p - (|3.16p . we readily deduce that 



\AgZ\\L^^L^) < WAgZoh^ + C CgiT)2-'l'a2{T)\\Z\\BljT 



+C / ||divA(y)|| 







Loo WAgZW^idr. 



(6.3) 



Then we multiply both sides by 2'^* and take the t"^ norm to obtain 

W^h^iBi^) ^ \\Zo\\bi^+C f {ai{t) + a2{t))\\Z\\i^^^^yt. 

Applying Gronwall's inequality leads to the inequality ()6.2p directly. 

To show the existence of solution V{t,x), we use the classical Friedrichs' regularization 
method, which was used in [7] for example. More precisely, we consider the approximate system 
for Zk = Vk- V: 



dtZk + ^i°(y)-iPfcp(y)5,^.4) = 0, 



(6.4) 
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with 

Zk\t=Q = Pfe^o, (6.5) 
where Zq = Vq — V and is the cut-off operator on L^(M'^) defined by 

Fkf ■.= T-\lBio,k)J'f)- 

Denote the space 

Ll := {/ G L\R'') : supp^/ C B{0,k)}, 

where B{0, k) is the ball with center and radius k. 

From Lemma l2.ll we can see that the operator dx^ is continuous on L^. Furthermore, it 
turns out that the linear operator 

d 

z ^ j;i0(y)-ipfc(i^(y)5,^.z) 

is also continuous on Li, since the functions A^{V)-^ and (V) are both bounded in [0, T] x M . 
Thus, the approximate system (j6.4p appears to a linear system of ordinary differential equations 
in L|, which implies the existence of a unique function Vk{t, x) such that Zk{t, x) = Vk{t, x) — V^ 
C^([0,T],L^) is the solution of (|6.4p - (|6.5p . Furthermore, it follows from the spectral localization 
that Zkit,x) e Ci([0,r],5f ^) for any a G M. 

Using the facts that the operator P^ is self-adjoint on and FkZk = Z^, we proceed exactly 
as in the proof of the inequality (j6.2p and obtain 

sup ||ifc(t)b|^ < ||Pfciob|,e^i'o^('^iW+"^W+"'W)'^* 
te[o,T] 

< C\\Vo-V\\b^ ^Cf^fia^it)+a2{t)+4it))dt 

< C. (6.6) 



Here and below, the constant C > independent of k. Furthermore, it follows from ()6.4p and 
(US]) that 

sup WdtZkWgs-i <C. (6.7) 
te[o,r] 

Therefore, we deduce that the approximative solution sequence {Zk = Vk — V} to ()6.4p - 
(163]) is uniformly bounded in C([0,T],S|J n Ci([0, T], 5^7^). Moreover, it weak * -converges 

(up to a subsequence) to some function V such that V — V £ L°°([0, T], i?| j.) in terms of the 

Banach-Alaoglu Theorem (see [33], Remark 2, p. 180). Since {dtVk} is also uniformly bounded 
in C([0,r],S^-^)(it weak ^-converges to V* in L'^{[0,T], B^'^), then {T4 - is uniformly 



bounded in Lip([0, T], ^2 j,^)) hence uniformly equicontinuous on [0,T] with the norm in B2J. 



s-l 

i u< 

From Proposition 12. H Ascoli-Arzela theorem and Cantor diagonal process, we arrive at 



^j{Vk -V)^ 0,(y - V) in C{[0,T],B'./) {6.i 
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as /c — )• oo, for £ which is supported in the ball B{0;j + 1) and equal to 1 on B{0;j). 
The property of strong convergence and 

lim ¥k{Vo -V) = Vo-V in 5| ^ (6.9) 

enable us to pass to the limit in (j6.4p - (j6.5p and V is the solution of (|3.2p - (j3.3p in the sense 
of distribution. Next, we check the solution V has the required regularity. Indeed, V — V £ 
C{[0,T],B^-/). On the other hand, since V -V e L°°([0, T], 5| ,.), we have 

\\2'^'\\Ag(y -V)\\L2\\ir < +00. (6.10) 
The inequality (16.101) implies that there exists an integer go such that 

r-j l/r g 

(^2-||A,(\/ - V)U2'^ 

9><J0 

for any positive constant e. Then, we have 

\\V{t)-V{t')\\Bs^^ 

r-| l/r (- ^ — ^ / ^ _ \ r-i l/r 



{Y,{2'iA,{v-v)h2yy^^ (6.11) 



< { {2^1A,{V{t) - Vit'mL^y} ' + 2{ {2''^\\A,{V{t) - V)h2y} 



q<qo g>qo 



< C J^2''^||A,(y(t)-y(0)||L2 + 



'?<|?o 

< C2''^^\\V{t)-V{t')\\L2 + '-. (6.12) 

Since V -V e C{[0,T], B^'^) ^ C{[0,T],L'^) for the case of s > 1, the first term on the right- 
hand side of ()6.12p tends to zero where t' goes to t. This implies that y — is continuous in 
time with values in i?!^. Using the fact that F is a solution of (I3.2p - (l3.3p . we further conclude 
that V -V e C{[0,T],BI^) n C^{[0,T], B^'^). In the case where < s < 1, we consider the 
regularized system by smoothing out the initial data: 



.j=l- v - ^g_^3^ 



A^{V)dtZk + E?=i A^V)d,^Zk = 0, 



Thanks to the above result for the case of s > 1, the solution Zk = Vk — V of (|6.13p is well 
defined on [0,r] and belongs to C{[0,T], B^.^) n C^{[0,T], B^^^) for any a > 1. Furthermore, 

the function 5Zk := Z^+i — Z^ satisfies 

f A^{V)dt6Zk + EU MV)d,^6Zk = 0, 
1^ 5Zi:\t=o = (Ffc+i — Fk)Zo. 

Similar to ()6.2p . we have 

sup WSZkimBs^ < ||(Pfc+i -P,)^o||B|,e^/o"(«iW+-2W)'^*. (6.15) 
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As Zq = Vq — V belongs to i5|,.(0 < s < 1), the sequence (Pfc.^o)fcGN converges to Zq. Thus, 
it fohows from (j6.15p that the sequence {Zk)ken is Cauchy in C([0, T], i^l.r) ^^'^ converges to 
some Z = V -V e C([0, T], 5| ^) n C^([0, T], 5^7^) in (l633|) . which is, of course, a solution of 

Over all, we conclude that V{x, t) is the solution of ([S^D-dSS]) satisfying V-V £ C([0, T], 
n Ci([0, T],B^-^) for s > 0, furthermore, we arrive atV -V £ Ct(S|^J n C^{B^-^). 

Finally, the uniqueness is merely a consequence of (j6.2p . This completes the proof of Propo- 
sition [Ol □ 
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